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Abstract

A theoretical analysis of two-stage fission gas release processes, grain lattice and grain boundary diffusion, coupled

with bubble trapping and resolution, is carried out. Final results show that the conventional single-stage fractional

release solution can be expanded for the two-stage release case with the introduction of a new dimensionless parameter

a=ðaþ aÞ where a is the relative diffusivity ratio defined as Deff
v =Deff

gb . In fact, a is a temperature- and burn-up-dependent

gas transport property. Recent evaluations of a demonstrate that grain boundaries can play significant roles in fission

gas release, depending on the fuel power history, and the high burn-up behavior of fission gasses can be directly re-

flected in the two-stage parameter. Inter-granular bubble linkages effectively increase the two-stage parameter, which

leads to apparent burn-up enhancement of the fractional fission gas release.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Fission gas release is of great concern in fuel per-

formance evaluation, especially for high burn-up fuels.

It affects gap conductance and fuel temperature, which

in turn affect the release. Accurate prediction of the re-

lease is therefore essential not only for the rod pressure

calculations that influence end-of-life rod pressures and

LOCA (loss of coolant accident) analyses, but also for

the radioactivity estimation in the gap that determines

the radiological consequences. Currently in the nuclear

fuel industry, end-of-life rod pressure limits the linear

heat generation rate of the nuclear fuel rods when burn-

up is greater than 30 GWd/MtU. In addition, Nuclear

Regulatory Commission requires that bounding Antici-

pated Operational Occurrences (AOO) are included in

the rod pressure analyses. The anticipated operational

occurrences result in over-power transients of several
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minutes to hours in length, so that transient fission gas

release analysis has also become important for licensing

activities.

Since the LWR operation mode changed from an-

nual to extended/high burn-up fuel cycles in the late

1980s, more attention has been paid to fission gas release

phenomena [1–7]. There have been reports that frac-

tional fission gas release is even accelerating with

increasing burn-up. Therefore, for the development of

high performance fuels, fission gas release is considered

to be a potential design-limiting factor because of its

crucial influence on the thermo-mechanical behavior of

the current LWR fuel rods in heavy duty applications.

Uranium dioxide fuel pellets are a polycrystalline

ceramic material consisting of many small grains. Fis-

sion gas atoms generated by fission reactions start to

volumetrically diffuse onto grain boundaries and, on

reaching there, continuously diffuse along the bound-

aries until they release to the open space in the fuel rod.

The grain boundary is believed to have a significant role

in the release, as do inter- and intra-fission gas bubbles,

especially in the high burn-up fuels. Thus excellent
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works on the grain-boundary-related fission gas release

have been reported by several authors [8–13]. Particu-

larly Olander’s numerical model of solute transport in a

polycrystalline body is one of the fundamental but pio-

neering works [11].

However, analytical approaches to the gas transport

in the two regions of the operating fuels, grain lattice

and grain boundary, have not been successful, and the

current understanding of the grain boundary role and its

related phenomena is still ambiguous. A diffusion model

to describe the physical processes of the fission gas re-

lease in UO2 fuel was first proposed by Booth [14]. In his

model, fuel is treated as an assembly of uniform spheres

with a single equivalent radius along with the perfect

sink boundary condition. With the accumulation of in-

pile experience, however, it has been revealed that

gas–gas interactions lead to the formation of gas-filled

intra-granular bubbles during the diffusion process when

fuel burn-up increases. In addition, the perfect sink

assumption does not conform to the micro-graphical

examination results that gas atoms accumulate contin-

uously in the grain boundaries, mostly causing the for-

mation of inter-granular bubbles. It has also been found

that fission fragments resolve the bubbles into the near-

grain boundary region during reactor operation, and

this augments the concentration of fission gas atoms in

the grain boundary. The intra- and inter-granular bub-

bles, especially in high burn-up fuels, are schematically

shown in Fig. 1.

In actuality, the precipitation of gas atoms in the

bubbles and their resolution into the lattice complicate

the analysis of fission gas release phenomena. Several

mechanistic models have been proposed to take the non-

zero grain boundary concentration into consideration

[15–18]. Speight proposed a method to determine the

grain boundary concentration [15] and Turnbull derived
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Fig. 1. A schematic of cross sectional view of a high burn-up

fuel.
the analytic solution for the non-zero constant boundary

concentration case [16]. Forsberg and Massih considered

the time-dependent grain boundary condition and trea-

ted it numerically with the assumption that fission gas

atoms release completely when the grain boundary

concentration exceeds a certain saturated value and then

accumulate again [18].

In this study, we conduct a theoretical analysis of

fission gas release in the two regions, grain lattice and

grain boundary. Two simultaneous time-dependent gas

atom balance equations, coupled with bubble trapping

and resolution, are formulated with the appropriately

defined diffusion coefficients. Then, the two equations

are reduced to a single partial differential equation by

incorporating the relative diffusivity ratio into a time-

dependent surface boundary condition of the third kind,

a combined Dirichlet and Neumann condition. In the

following section, most of the discussion is devoted to

the simplified quasi-steady state solution, primarily the

role of the grain boundary and the introduction of the

two-stage parameter in the current two-stage fission gas

release analysis.
2. Mathematical formulation

First, coupled with the bubble trap and the bubble

resolution, fission gas transport is broken down into the

two principal processes: the effective grain lattice diffu-

sion, and the effective grain boundary diffusion. Fig. 2

schematically shows the fundamental processes of the

current two-stage model, with the assumption that a

grain has an ideal tetrakaidecahedron structure and thus

the grain boundary can be treated as a flat surface be-

tween two neighboring grains. It is further postulated

for the extension to high burn-up cases that fission gas

bubbles at the grain edges are linked together to form

grain edge tunnels that are finally connected to the open

space inside the fuel rod. This means that, after the fis-

sion gases volumetrically diffuse through the grain lattice

and reach the grain boundaries, they continuously sur-

face-diffuse again along the grain boundaries and release

on arrival at the edge tunnels of grain surfaces. This

provides the basis of cylindrical geometric approach to

solve the following solute transport formulation in the

grain boundary.

Because each grain of UO2 fuel is treated as a

homogeneous matrix in this analysis, an effective diffu-

sion coefficient Deff
trap can be chosen for the description of

the gas transport in the grain lattice. As defined by

Speight, the coefficient includes the effects of fission gas

atoms precipitating into the bubbles and their resolution

into the lattice in the following way [15]:

Deff
trap ¼

b
bþ g

� �
Din-pile

trap ð1Þ
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Fig. 2. A schematic of two principal diffusion processes in the

tetrakaidecahedron grain: grain lattice diffusion Deff
v and grain

boundary diffusion Deff
gb .
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Fig. 3. Balance diagram of fission gas atom concentration

within the grain boundary.
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where g is the probability of the gas atom being captured

by the bubbles and b is the probability of the bubble’s

resolution by fission fragments. Of course, Din-pile
trap is de-

fined as a lattice diffusion coefficient in the presence of

the fission reaction, which reflects much faster re-entry of

the gas or release of the gas from crystalline traps under

the in-pile environment in the intrinsic diffusion coeffi-

cient [15,19]. For simplicity, the effective coefficient Deff
trap

is represented by the notation Deff
v throughout this paper.

The governing equation for the effective grain lattice

diffusion is then

oCv

ot
¼ bþ 1

R2

o

oR
Deff

v R2 oCv

oR

� �
ð2Þ

with the initial condition CvðR; 0Þ ¼ 0, and boundary

conditions Cvð0; tÞ¼ finite and Cvða; tÞ ¼ CgbðtÞ. In the

equation, Cv is the volumetric fission gas concentration

within the grain, b is the fission gas generation rate, and

a is the equivalent radius of the grain. The lattice dif-

fusion term in the RHS of Eq. (2) is expressed in

spherical coordinates because the polyhedral grain is

treated as an equivalent sphere in this analysis. Note

that the surface boundary condition is the time-depen-

dent average grain boundary concentration that is to be

solved simultaneously.

Now, the fission gas atom concentration in the grain

boundary is expressed as

d
oCgb

ot
¼ d

1

r
o

or
Deff

gb r
oCgb

or

� �
� 2Deff

v

oCv

oR

� �
R¼a

ð3Þ

subject to the initial condition Cgbðr; 0Þ ¼ 0, and the

boundary conditions Cgbð0; tÞ¼ finite and Cgbðs; tÞ ¼ 0.

In Eq. (3), Cgb is the fission gas concentration in the

grain boundary, d is the grain boundary thickness, and s
is the equivalent radius of the grain surface. The effective

grain boundary diffusion coefficient Deff
gb can be defined

similarly to Deff
v in Eq. (1), because qualitatively inter-

granular bubbles can also trap the inter-granularly dif-

fusing gas atoms and the bubbles can be resolved into

the boundary region by the fission fragments. The two

principal fission gas transports, Deff
v and Deff

gb , are sche-

matically shown in Figs. 1 and 2. Fundamentally Eq. (3)

is identical to the Olander’s formulation for the com-

bined grain boundary and lattice diffusion in a fine-

grained ceramic [11].

Eq. (3) must be solved using cylindrical geometry

because the gas transport process in the grain boundary

is basically a surface diffusion from the center of the

grain surface to the edge, as seen in Figs. 2 and 3. In this

formulation, the unique fission gas supply to the grain

boundary is the gas atoms arriving at the two adjacent

boundaries that face each other. This is the reason the

last term in the RHS is doubled.

Because Deff
v ðoCv

oR ÞR¼a in Eq. (3) is a function only of

time, it can be represented as f ðtÞ. Hence, when n ¼ Deff
gb
and k ¼ � dn
2
are introduced, the governing equation can

be rewritten as

1

r
o

or
r
oCgb

or

� �
þ 1

k
f ðtÞ ¼ 1

n
oCgb

ot
: ð4Þ
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The general solution of this equation can be deter-

mined by using the Green’s function method:

Cgbðr; tÞ ¼
n
k

Z t

s¼0

ds
Z s

r0¼0

r0Gðr; tjr0; sÞf ðr0; sÞdr0 ð5Þ

and the Green’s function suitable for this case is known

to be [20,21]:

Gðr; tjr0; sÞ ¼ 2

s2
X1
m¼1

e�nb2mðt�sÞ J0ðbmrÞ
J 2
1 ðbmsÞ

J0ðbmr
0Þ; ð6Þ

where J0 is the 0th ordinary Bessel function of the first

kind and bm is the mth root coefficient.

Therefore, Cgbðr; tÞ becomes

Cgbðr; tÞ ¼
2n
ks2
X1
m¼1

J0ðbmrÞ
J 2
1 ðbmsÞ

�
Z t

s¼0

e�nb2mðt�sÞf ðsÞds
Z s

r0¼0

r0J0ðbmr
0Þdr0:

ð7Þ

From the following integration property of Bessel

functions:Z s

0

r0J0ðbmr
0Þdr0 ¼ s

bm
J1ðbmsÞ; ð8Þ

Cgbðr; tÞ reduces in this way

Cgbðr; tÞ ¼ � 4

ds

X1
m¼1

J0ðbmrÞ
bmJ1ðbmsÞ

Z t

0

e�nb2mðt�sÞf ðsÞds: ð9Þ

Now, the average grain boundary concentration of

fission gas atoms can be obtained by the following def-

inition:

CgbðtÞ ¼
2

s2

Z s

0

Cgbðr; tÞrdr: ð10Þ

Hence, we obtain

CgbðtÞ ¼ � 8

ds2
X1
m¼1

1

b2
m

Z t

0

e�nb2mðt�sÞf ðsÞds: ð11Þ

Eq. (9) shows that the solutions of Eqs. (2) and (3)

are directly coupled. That is, to solve Eq. (2) completely,

we must find Cgbðr; tÞ, which also requires the solution of

CvðR; tÞ again.
In fact, there are several ways to solve the equations

simultaneously. One approach is a numerical method

and another may be an iterative solution technique that

begins with the assumption of a simple but plausible

function for CvðR; tÞ. However, these transient solution

techniques do not seem to be straightforward. Nor may

it be easy to grasp the real meaning of the two com-

peting fission gas transport processes and their com-

bined effects on the release, especially in high burn-up
fuels. Therefore, even with this complete transient for-

mulation, most of the following discussion is devoted to

the simplified quasi-steady state solution, leaving the

transient solution for a later paper.
3. Analytical solution using boundary conditions of the

third kind

Based on the properties of Bessel functions, the

average grain boundary concentration in Eq. (11) can be

related to the rate at which fission gas atoms leak to the

open space. Because ofJ0ðbmrÞg=or ¼ �bmJ1ðbmrÞ, the

first derivative at the grain edge reduces to

�d
oCgb

or

����
r¼s

¼ � 4

s

X1
m¼1

Z t

0

e�nb2mðt�sÞf ðsÞds: ð12Þ

This reduction reveals that the two Eqs. (11) and (12) are

mathematically in an identical form except for the con-

stants around the summation symbol.

Under typical reactor operating conditions,

nb2
mðs� tÞ is generally far smaller than unity and thus

terms with m > 2 attenuate very fast. Comparison of the

two equations, therefore, results in the following relation

between the average concentration and the leakage flux:

dsb2
1

2
CgbðtÞ ffi d

oCgb

or

����
r¼s

: ð13Þ

Most nuclear power plants are operated in the steady

state with the designed constant power, although the

linear heat generation rate and the temperature profile

inside a fuel rod differ from rod to rod and change

slowly with fuel burn-up. In this sense, fuel performance

analyses, even for the initially loaded reactor core, are

carried out on the basis of summation of the steady

states attained during each segmented time frame. In

such states without rapid power ramp or drop, it can be

postulated that there is no sudden accumulation or

depletion of fission gas atoms in the grain boundary.

That is, all the fission gas atoms reaching the grain

boundaries diffuse towards the grain edges and eventu-

ally leak out to the open space in the fuel rod, main-

taining a constant grain boundary concentration. This

assumption seems to be reasonable, particularly for high

burn-up, because it is believed that the grain boundary

can only retain a certain amount of fission gas atoms,

i.e., the saturated concentration. In this case, the leakage

rate out of the grain surface becomes equal to the arrival

rate at the grain surface.

That is,

dDeff
gb

oCgb

or

����
r¼s

ffi sDeff
v

oCv

oR

����
R¼a

: ð14Þ
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Then the combination of Eqs. (13) and (14) yields

CgbðtÞ ¼
2

db2
1

Deff
v

Deff
gb

oCv

oR

����
R¼a

� a
oCv

oR

����
R¼a

; ð15Þ

where a ¼ 2

db2
1

Deff
v

Deff
gb

.

Eq. (15) vividly demonstrates that the surface

boundary condition for the balance Eq. (2) can be re-

placed with a boundary condition of the third kind, a

combined Dirichlet and Neumann condition:

Cvða; tÞ ¼ CgbðtÞ ¼ a
oCv

oR

����
R¼a

: ð16Þ

That is,

a
oCv

oR

����
R¼a

� Cvða; tÞ ¼ 0: ð17Þ

This means that Eq. (3), representing the balance of the

fission gas atoms in the grain boundary, is incorporated

into a boundary condition of the third kind for Eq. (2)

without any significant loss of analytical foundation.

This incorporation simplifies both the computational

treatment and the analysis of complicated fission gas

release processes. Note that the equivalent radius of the

grain surface s drops out in the course of derivation.

To solve this problem, Laplace transform method

can be used with the variable substitution technique

using dimensionless variables. The analytical solution

using the method is developed in Appendix A. Once the

solution of Eq. (2) subject to the new boundary condi-

tion is obtained, J , the leakage rate of fission gas atoms

per unit surface area per unit time, can be easily derived

from Fick’s first law.

Then, according to the following definition of frac-

tional fission gas release:

F ¼
4pa2

R t
0
J dt0

4=3pa3bt
¼ 3

abt

Z t

0

J dt0 ð18Þ

the fractional release is finally obtained

F ffi 4ffiffiffi
p

p a
aþ a

� �2 Deff
v t
a2

� �1=2

� 3

2

a
aþ a

� �
Deff

v t
a2

� �
:

ð19Þ

As seen in Eq. (19), multiples of the two-stage

parameter, a=ðaþ aÞ, appear in each term of the simple

Booth solution, factorizing it with the new dimensionless

property. This result clearly shows that current two-

stage mathematical model reduces to the simple Booth

single-stage model when a ¼ 0, i.e., when grain bound-

ary diffusivity is infinite, which corresponds to the per-

fect surface sink condition.

In the post-irradiation examination (PIE) case, it is

easily derived that the exactly same multiples of the two-
stage parameter also show up in each term of the simple

Booth solution, as in the in-pile case. The solution is as

follows:

F ffi 6ffiffiffi
p

p a
aþ a

� �2 Deff
v t
a2

� �1=2

� 3
a

aþ a

� �
Deff

v t
a2

� �
:

ð20Þ

4. Discussion

Fission gas release phenomenon is strongly related to

micro-structural changes in the fuel pellets. At low burn-

up, these changes are confined to the central region of

the pellet. However, pronounced changes take place

even at the periphery in high burn-up rods. In-pile

experiences have certainly demonstrated that intra- and

inter-granular fission gas bubbles nucleate and grow

inside the pellet as burn-up increases, and thus the

fractional release becomes higher in the high burn-up

fuel than in standard rods with low enrichment. It even

tends to accelerate when burn-up exceeds around 45–50

GWd/MtU [1,5], although this is undoubtedly in con-

junction with the thermal conductivity decrease of the

fuel and the thermal conductance reduction of the gap.

Nevertheless, in his model, Booth assumed a fuel

pellet to be an assembly of homogeneous uniform

spheres and the fission gas storage capacity of the grain

boundary to be zero [14]. Then he moved on to the

reduction of the real two-stage fission gas transport

processes to a simplified single-stage process by includ-

ing the grain boundary migration in the presumably

enlarged grain lattice diffusion. ANSI/ANS-5.4 adopted

the model with the best-fitting parameters based on the

empirically selected data because it is simple but useful

for phenomenological analysis, although it does not

properly account for high burn-up fuel behavior [22].

Later Speight successfully showed that simple adop-

tion of the new diffusion coefficient Deff
trap ¼ ðb=bþ

gÞDin-pile
trap can make the Booth concept applicable even for

high burn-up cases without solving two simultaneous

balance equations, one for the fission gas concentration

in the grain matrix and the other in the intra-granular

bubbles [15]. He also raised the issue that the grain

boundary must have some capacity for the storage of

fission gases, i.e., the gas concentration in the boundary

is no longer zero, and can probably be expressed in the

following way: CðaÞ ¼ bkN=2D, where k is the average

distance of an atom ejected into the lattice by a fission

fragment spike and N is the instantaneous number of gas

atoms in the bubbles per unit area of grain boundary.

In dealing with this issue, Forsberg and Massih re-

cently made outstanding progress and offered a numeri-

cal procedure to solve the non-zero grain boundary

problem [18,23]. Their model is used now as one of the

high burn-up models in the FRAPCON-3 code with
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some modifications [24]. Despite the strengths of the

model, however, it was reported that their original model

under-predicts much steady state in-pile data, especially

at high burn-up above 45 GWd/MtU, and all of the

ramped power data. In addition, some limitations and

room for improvement in their treatment still remain.

Because their solution is numerical, it is not easy to

understand the role of the grain boundary and its effect

on the resulting release fraction, even after the compu-

tational procedure is completed. Decisively, their

assumption that all fission gas atoms in the grain

boundaries release when the inter-granular concentra-

tion exceeds a certain saturation value and accumulate

again from the beginning is disputable. As well, at least

one or two vague parameters must be quantified before

the model can be applied.

The solution of the current two-stage model devel-

oped here does not have those fundamental weaknesses

because it mechanistically follows the two real fission gas

transport processes with no sacrificial assumptions. As

shown in Eqs. (19) and (20), this model successfully sorts

out the role and the effect of the grain boundary with the

two-stage parameter a=ðaþ aÞ, where a is the equivalent

grain radius and a is the ratio of diffusivities, defined as
2

db2
1

Deff
v

Deff
gb

previously. It is easily seen that the ratio a has the

unit of length and thus the new parameter turns out to

be dimensionless because the unit of the root coefficient

of Bessel function b1 is the reciprocal of length.

According to the two-stage parameter, two competing

physical quantities, the equivalent grain radius a and the

diffusivities ratio a, seem to determine the role and the

effect of the grain boundary on the release of fission gas.

In fact, a is not just a radius, but can be interpreted as a

volume-to-surface ratio, whereas a can be regarded as a

volume-to-surface diffusion ratio. Unless grain growth

takes place seriously during reactor operation, the

volume-to-surface ratio is a geometric constant, typi-

cally 5–10 lm, which is set during the manufacturing

process through sintering. On the other hand, a, the

ratio of grain lattice over grain boundary diffusion, is a

variable transport property that is strongly dependent

on both the fission gas species and the temperature and

the burn-up according to reactor power history.

The new parameter reduces to unity only when a is

much less than a, that is, when grain size is relatively

large compared with a low grain lattice diffusivity or

when grain boundary diffusivity is far much greater than

grain lattice diffusivity. This corresponds to the case

formulated in the simple Booth model. When a becomes

similar to or greater than the grain radius a, Eqs. (19)
and (20) show that the grain boundary must significantly

affect the whole fission gas release process, because the

square of the parameter appears in the dominant first

term of the prediction expression.

In this model, the role of the grain boundary is, in

actuality, incorporated in a, the ratio of two diffusivities.
It is easily understood that a is basically Deff
v =Deff

gb with

the unit of centimeter, because d is on the order of 10�8

cm, b1 is 2:405=s where s is the equivalent radius of a

grain surface which is on the order of 10�4 cm, and thus

2=db2
1 is close to unity. In fact, it is well known that the

diffusion coefficient is one of the most critical properties

for accurate estimation among those used in the fission

gas release prediction. Nowadays, several data for Dv

[25–31] and very few data or estimation for Dgb are

available. In any case, however, it is very risky to take

the absolute values because even the lattice diffusivity of

Xe in UO2 is not well established. For example,

currently available data sets present a spread of a fac-

tor of 103 in Dv at 1400 �C (5 · 10�15–10�12 cm2/s).

Fortunately, a requires only the ratio, not the absolute

values.

Like the diffusion coefficient itself, the diffusivities

ratio a is dependent on both temperature and burn-up.

Although very different activation energies for grain

lattice and grain boundary diffusions have been re-

ported, it is generally accepted that the relative diffu-

sivity of the grain boundary to that of the grain lattice

increases with decreasing temperature. Because the

LWR fuel temperature is in the middle range, from

1000 to 1700 �C during reactor operation, the diffu-

sivities ratio a may not be very small, but be similar to

the grain radius a. Thus, the role of the grain boundary

may not be negligible under LWR operating condi-

tions.

Recent evaluation of the currently available experi-

mental data supports that in some reactor operation

environments, the grain boundary can play a significant

role in the fission gas transport process. Lately, Olander

and Uffelen made a careful estimation of these diffusiv-

ities based on their combined grain boundary and lattice

diffusion analysis [8]. They reported that Dv=Dgb ffi 10�2–

10�6 in the temperature range from 1000 to 1700 �C.
Because a is a relative ratio, the �effective’ in the original

definition can be dropped and thus their result can be

directly applied to the current discussion. Kim experi-

mentally investigated the lattice diffusion coefficients of

xenon gas both in a sintered UO2 and in a single crystal

urania under the various oxygen potentials. He also

estimated Dv=Dgb based on their model, which turns out

to be about 10�3 [32].

In this case, the parameter ranges from 10�2 to 1

since the grain radius of commercial fuel pellets never

exceeds 10�3 cm. This means that grain boundary

trapping can suppress the fractional release down to

10�4 � 1, unless grain boundary diffusivity is very high.

Fig. 4 shows the suppression of the release fraction as a

function of a when the practical grain size a is consid-

ered. As expected, the trapping of fission gas atoms in

the grain boundary makes the diffusivity ratio a similar

to a by retarding the inter-granular diffusion, thus

increasing the ratio. In this case, the release must be less
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against the modified ANS5.4 model with burn-up enhancement factor, 100Maxð0;Bu�25 000Þ=21 000.
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than that predicted without the grain boundary. This is

in good agreement with the in-pile experiences that fis-

sion gases are far more mobile in single crystal than in

polycrystalline UO2 [33,34].

Most fission gas release measurements on irradiated

PWR fuel rods demonstrate a threshold burn-up of

about 20 GWd/MtU, depending on the power history.

This observation is consensually explained in the fol-

lowing way: during the incubation period all gas atoms

arriving at the grain boundaries are trapped, inter-

granular bubbles nucleate and grow in the boundaries,

they interlink themselves on the grain surfaces and at the

edges, and eventually the inter-linkage triggers the fis-

sion gas release. Despite these findings, none of the

prediction models, mechanistic or empirical, include the

grain boundary diffusion process as a release mecha-

nism. Instead, most of them impose a burn-up

enhancement factor in their lattice diffusion coefficients

to make up for the discrepancy.

In the current two-stage model, the inter-granular

high burn-up behavior of the fission gasses can be

directly reflected in the two-stage parameter, more

specifically in the diffusivities ratio a in terms of burn-

up dependence. During the incubation period, grain

boundary diffusivity is relatively low, so a is similar to

the grain radius a, which suppresses the fission gas

release. However, once inter-granular bubbles begin to

interlink the fission gas atoms trapped in the grain

boundaries become more mobile, which increases the

grain boundary diffusivity. Then the diffusivity ratio a
decreases and the two-stage parameter increases

from far less than unity to unity, leading to apparent

burn-up enhancement of the fractional fission gas re-

lease.
5. Conclusions

A theoretical analysis of fission gas release in the two

regions, grain lattice and grain boundary, is carried out

in this study. Two simultaneous time-dependent balance

equations for fission gas atoms are formulated, coupled

with bubble trapping and resolution. The two equations

are then reduced to a single partial differential equation

with the incorporation of the relative diffusivity ratio a
into a time-dependent surface boundary condition of the

third kind, a combined Dirichlet and Neumann condi-

tion.

Laplace transform method with variable substitution

technique produces the following solutions:

F ffi 4ffiffiffi
p

p a
aþ a

� �2 Deff
v t
a2

� �1=2

� 3

2

a
aþ a

� �
Deff

v t
a2

� �
for the in-pile case and

F ffi 6ffiffiffi
p

p a
aþ a

� �2 Deff
v t
a2

� �1=2

� 3
a

aþ a

� �
Deff

v t
a2

� �
for the PIE case, respectively, where a is the relative

diffusivities ratio, defined as 2

db2
1

Deff
v

Deff
gb

. As seen in the

equations, the solutions successfully explain the role and

the effect of the grain boundary in terms of a new

dimensionless parameter a=ðaþ aÞ, a so-called two-stage

parameter.

The new parameter reduces to unity only when a is

much less than a, that is, when grain size is relatively

large compared with the low grain lattice diffusivity or

when grain boundary diffusivity is very much greater

than grain lattice diffusivity. The latter corresponds to
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the case formulated in the simple Booth model. When a
becomes similar to or greater than grain radius a, the
solutions show that the grain boundary must signifi-

cantly affect the whole fission gas release process, be-

cause the square of the parameter appears in the

dominant first term of the prediction expression.

In fact, grain radius a is a geometric constant, typi-

cally 5–10 lm. However, a the ratio of grain lattice over

grain boundary diffusivity, a is a variable transport

property that is strongly dependent on both the fission

gas species and the temperature and the burn-up. This

means that the role of the grain boundary, in practice,

depends on the ratio a, which is basically Deff
v =Deff

gb with

the unit of centimeter. A recent report has shown that

Dv=Dgb ffi 10�2–10�6 in the temperature range from 1000

to 1700 �C. Therefore, the two-stage parameter reveals

that the grain boundary can play significant roles in the

fission gas release, depending on the fuel power history,

because LWR fuel temperature is in the above temper-

ature range during reactor operation.

Many measurements of in-pile fission gas release

show a threshold burn-up of about 20 GWd/MtU. It is

also well known that the growth of inter-granular bub-

bles and their linkage begins to trigger the release of

trapped fission gases in the grain boundary when fuel

burn-up exceeds the threshold burn-up. The introduc-

tion of the two-stage parameter, more specifically the

burn-up dependent diffusivities ratio a, can successfully

explain the inter-granular bubble behavior in high burn-

up fuels. During the incubation period, grain boundary

diffusivity is relatively low, so a is similar to grain radius

a. This suppresses the fission gas release. However, once

inter-granular bubbles begin to interlink, the fission gas

atoms trapped in the grain boundaries become much

more mobile, thus increasing the grain boundary diffu-

sivity. Then the diffusivity ratio a decreases and thus the

two-stage parameter increases from far less than unity to

unity. This induces the high burn-up enhancement of the

fission gas release.
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Appendix A

In the in-pile case, the fission gas generation term is

not zero, as seen in Eq. (2), so must be included in the

dimensionless transformation. When the dimensionless

variable u ¼ RC þ bR3

6Deff
v

is introduced, Eq. (2) can be

rewritten as

ou
ot

¼ Deff
v

o2u
oR2

: ðA:1Þ
The initial and the boundary conditions are accordingly

rewritten as uðR; 0Þ ¼ bR3

6Deff
v
, uð0; tÞ ¼ 0, and

a
a
ou
oR

����
R¼a

� aþ a
a2

u
���
R¼a

þ ða� 2aÞ ba
6Deff

v

¼ 0;

respectively.

Now the Laplace transform method is preferred for

the solution of Eq. (A.1) with these initial and boundary

conditions, because another crucial dimensionless

parameter, Deff
v t=a2, is far less than unity under typical

reactor operating conditions.

On taking the transformation by means of

~u ¼
R1
0

e�xtuðr; tÞdt, Eq. (A.1) becomes

x~u� bR3

6Deff
v

¼ Deff
v

o2~u
oR2

ðA:2Þ

and the accompanying conditions are transformed into

~uð0Þ ¼ 0 and

a
a

o~u
oR

 !
R¼a

� aþ a
a2

~u
���
R¼a

þ ða� 2aÞ ba
6Deff

v

1

x
¼ 0:

Then, the solution of Eq. (A.2) is obtained

~uðRÞ ¼ A exp

ffiffiffiffiffiffiffiffi
x
Deff

v

r
R

� �
þ B exp

�
�

ffiffiffiffiffiffiffiffi
x
Deff

v

r
R
�

þ b
6Deff

v

R3

x
þ b
x2

R ðA:3Þ

with the coefficients A and B:

A ¼ �B ¼ b
x2

a
a

ffiffiffiffiffiffiffiffi
x
Deff

v

r
e

ffiffiffiffiffi
x

Deffv

q
a

0@24 þ e
�
ffiffiffiffiffi
x

Deffv

q
a

1A
� aþ a

a2
e

ffiffiffiffiffi
x

Deffv

q
a

0@ � e
�
ffiffiffiffiffi
x

Deffv

q
a

1A35�1

:

The flux of fission gas release can also be transformed, in

the following way:

eJ ¼ �Deff
v

a
o~u
oR

 !
R¼a

"
� ~u

a

�����
R¼a

� ba2

3Deff
v

1

x

#
: ðA:4Þ

Substitution of Eq. (A.3) into Eq. (A.4) results in a

fractional form of solution in which tanh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xa=Deff

v

p
appears in both denominator and numerator. As men-

tioned, because s ¼ Deff
v t=a2 � 0:1, the Laplace coeffi-

cient x becomes very large, thus tanh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xa=Deff

v

p
becomes close to unity.

Hence, taking the inverse Laplace transformation of

Eq. (A.4) and using the following definition of fractional

fission gas release:

F ¼
4pa2

R t
0
J dt0

4=3pa3bt
¼ 3

abt

Z t

0

J dt0 ð18Þ
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the fractional fission gas release is finally obtained

F ffi 4ffiffiffi
p

p a
aþ a

� �2 Deff
v t
a2

� �1=2

� 3

2

a
aþ a

� �
Deff

v t
a2

� �
:

ð19Þ
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